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SHARP MOSER-TRUDINGER INEQUALITIES ON 
RIEMANNIAN MANIFOLDS WITH NEGATIVE CURVATURE 

QIAOHUA YANG, DAN SU, AND YINYING KONG 


Abstract. Let M be a complete, simply connected Riemannian manifold with 
negative curvature. We obtain some Moser-Trudinger inequalities with sharp 
constants on M. 


1. Introduction 


In 1971, J. Moser m found the largest positive constant Pq such that if ft is 
an open domain in K", n > 2, with finite n-measure, then there exists a constant 
Co which depends only on n such that if u is smooth and has compact support 
contained in 12, then 


( 1 . 1 ) 


exp{^|ur/("-i))dx < Co|fl| 


for any /3 < /3o when u is normalized so that 

[ |Vu(a;)|"da; < 1. 

Jn 

In fact, Moser showed Pq = nuil/Si where a;„_i is the surface measure of the 
unite sphere in K". This inequality sharpened the result of N. S. Trudinger [^. In 
1988, D. Adams extended such inequality to high order Sobolev spaces in R" via 
a quite different method. In the case of unbounded domains, Ruf m and Li-Ruf 
m obtained the following inequality: 


( 1 . 2 ) 

for any u £ Cq 




k=0 


k\ 


oo flDtn 


) when u is normalized so that 

f (|Vu(a;)|"' + \u{x)\'^)dx < 1. 


The constant Po in (11.21) is also sharp. 

There has also been substantial progress for Moser-Trudinger inequalities on 
Riemannian manifolds. In the case of compact Riemannian manifolds, the study 
of Trudinger-Moser inequalities can be traced back to Aubin [3], Cherrier EllI], 
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and Fontana [8]. In particular, the following Moser-Trudinger inequality is held in 
n-dimensional compact Riemannian manifold (M, g) (see [8]): 

(1.3) sup f exp(/3o|u|"/^"“^^)(iug < oo. 

The constant /3o in (11.31) is also sharp. In the case of complete noncompact Rie¬ 
mannian manifolds, Yang |21j has showed that if the Ricci curvature has a lower 
bound and the injectivity radius has a positive lower bound, then Trudinger-Moser 
inequality holds. However, the constant obtaied in [21] is not sharp. Furthermore, 
if M is the hyperbolic space H^, Mancini and Sandeep [14] (see also m) proved the 
following inequality on 

(1.4) sup / -- r-^dx < oo, 

u€Cg°iB^)J„2 \Vu\^dx<lJK2 (,1 - \X\ ) 

where is the unit ball at origin of Furthermore, the constants 47r is sharp, 
Later, inequality (m has been extended by themselves and Tintarev m to any 
dimension. 

To our knowledge, much less is known about sharp constants of Moser-Trudinger 
inequalities on complete noncompact Riemannian manifolds except Euclidean spaces 
and Hyperbolic spaces. The aim of this paper is to look for the sharp constants of 
Moser-Trudinger inequalities on a complete, simply connected Riemannian mani¬ 
fold M with negative curvature. In fact, the optimal constants turn out to be the 
same for every such M as they are in Euclidean space. For simplicity, we also denote 
by A the Laplace-Beltrami operator on M and by V the corresponding gradient. 
Let H be a domain in M. The Sobolev space lFQ’"(fl) is the completion of 
under the norm 

(^J jVurdVy + (^J lul'^dV 

One of our main results is the following 

Theorem 1.1. Let M be a complete, simply connected Riemannian manifold of 
dimension n > 2 and Ll be a domain in M with |H| = dV < c». There exists a 
positive constant Ci = Ci{n,M) such that for all u G lFQ’”(r2) with |Vu|"dF < 
1, the following uniform inequality holds 

(1.5) ^^exp(^okr/^"-'))rf^<C'i. 

Furthermore, the eonstant /3o in is sharp. 

Next we consider the Moser-Trudinger inequalities on the whole space M. The 
basic idea of the proof is given by Lam and Lu [Min] and the main result is the 
following 



Theorem 1.2. Let M be a complete, simply connected Riemannian manifold of 
dimension n > 2 and r be any positive number. There exists a eonstant C 2 = 
C 2 {r,n,M) such that for all u G H)}’"(M) with J^dVul”-I-r|u|"')dF < 1, the 
following uniform inequality holds 





fc =0 


k\ 


dV < C 2 . 


( 1 . 6 ) 
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Furthermore, the constant /3o in is sharp. 

2. Notations and preliminaries 

We begin by quoting some preliminary facts which will be needed in the sequel 
and refer to [nmiiis] for more precise information about this subject. 

Let M be an n-dimensional complete Riemannian manifold with Riemannian 
metric ds^. If {a;®}i<i<„ is a local coordinate system, then we can write 

ds^ = gijdx’‘dx^ 

so that the Laplace-Beltrami operator A in this local coordinate system is 



where g = det(gij) and {g^^) = Denote by V the corresponding gradient. 

Let K be the sectional curvature on M. M is said to be with negative curvature 
(resp. with strictly negative curvature) if iL < 0 (resp. K < c < 0) along each plane 
section at each point of M. If M is with negative curvature, then for each p G M, 
M contains no points conjugate to p. Furthermore, if M is simply connected, then 
the exponential mapping Exp^ : TpM —>■ M is a diffeomorphism, where TpM is the 
tangent space to M at p (see e.g. [5]). 

From now on, we let M he & complete, simply connected Riemannian manifold 
with negative curvature. Let p € M and denote by p{x) = dist(a;,p) for all x G M, 
where dist(', •) denotes the geodesic distance. Then p{x) is smooth on M\ {p} and 
it satisfies 

|Vp(a;)| = 1, xGM\ {p}. 

By Gauss’s lemma, the radial derivative dp = ^ satisfies 

(2.1) |ap/|<|V/|, fGC\M). 

For any <5 > 0, denote by Bs{p) = {x € M : p{x) < 5} the geodesic ball in M. We 
introduce the density function Jp{0, t) of the volume form in normal coordinates as 
follows (see e.g. [9], page I66-I67). Choose an orthonormal basis {9, 62 , • • • , e„} on 
TpM and let c(t) = Exp^tfl be a geodesic. {Yi{t)} 2 <i<n are Jacobi fields satisfying 
the initial conditions 

F,(0)=0, y/(0) = ei, 2<i<n 
so that the density function can be given by 

jp{e,t) = t-"+ydet((r,(t),r,(t))), t>o. 

We note that Jp{9, t) does not depend on {e 2 , • • • , e„} and Jp{9, t) G C°°{TpM\{p}) 
by the definition of Jp{d,t). Eurthermore, if we set Jp{9,0) = 1, then Jp{9,t) G 
C(TpM) and 

(2.2) Jp{0,t) = l + 0(t‘^) as t^O, 

since Yi{t) has the asymptotic expansion (see e.g. [9], page 169) 

t3 

Yi(t) = tci - —R{c'{t), ei)c'{t) + o(t^), 

6 

where is the curvature tensor on M. 
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By the definition of Jp{9,t), we have the following formula in polar coordinates 
on M: 

[ fdV= r [ fp^-^Jp{e,p)dpda, feL\M), 

Jm Jo 

where da denotes the canonical measure of the unit sphere of Tp{M). 

If M is with constant sectional curvature, then Jp{9,t) depends only on t. We 
denote by Jb{t) the corresponding density function ii K = —b tor some b > 0. It 
is well known that Jo{t) = 1 for t > 0 since in this case M is isomorphic to the 
Euclidean space. 

Finally, we recall a useful fact of Jp{9,t) which play an important role in the 
study of Moser-Trudinger inequalities. If the sectional curvature K on M satisfies 
K < —b, then (see [9], page 172, line -2, the proof of Bishop-Gunther comparison 
theorem) 


(2.3) 


1 dJp{9,t) ^ m 

jp{9,t) dt - Jb(ty ^ 


Therefore, since M is with negative curvature, we have 


1 ^ dJp{9,t) ^ Jly[t) 

Jp{9,t) dt ~ Jo{t) 


which means Jp{9,t), as a function of t on [0,-l-oo), is monotonically increasing. 


3. Proof of Theorem 1.1 

We firstly show the following pointwise estimates for / G Cy^{M). 

Lemma 3.1. There holds, for any f G Cy^{M) and p G M, 

(3-1) I/(P)I < ^ / |V/| . dV, 

^n—1 Jm P Jp\y-)P) 

where uin-i is the surface measure of the unit sphere in R". 

Proof. Since / has compact support, taking the radial derivative in an arbitrary 
direction, we have 

Integrating both sides over the unit sphere yields 

Using polar coordinate and (EH), we have 

\f{p)\ <^— f f \dpf\dpda 
^n—1 Jo 

- r f \Vf\dpda 
-1 Jo JS"-! 


<- 


1 


^n—l 

1 


^n — 1 J M 

This concludes the proof of lemma 3.1. 


|V/|- 


,n —1 


Jp{9,p) 


dV. 


□ 
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We now recall the rearrangement of functions on M. Suppose is a nonnegative 
function on M. The non-increasing rearrangement of is defined by 


(3.2) 


F*{t) = inf{s > 0 : Xf{s) < t}, 


where A_f(s) = \{x £ M : F{x) > s}|. Here we use the notation |I]| for the measure 
of a measurable set E c M. 

Lemma 3.2. Let q = s be in the Lemma 3.1. Then 

a P" ijp(e,p) 




nt 

OJn—l 


— (n —l)/n 


, t > 0. 


Proof. Define, for any s > 0, 

(3.3) Ag(s) = / dV= [ dV. 

J {xGM:g{x)>s} J {{p,9)eM:p"-^ Jp{e ,p)<s-^} 

We note that p^~^Jp{9, p), as a function of p on [0, -l-oo), is strictly increasing since 
Jp{9,p), as a function of p on [0,-l-oo), is monotonically increasing. Therefore, for 
every 9 £ and s > 0, the equation p^~^Jp{9, p) = has only one solution 

in (0,-l-oo) and we denote it by pe{s). Then pe{s) satisfies 


pe(s)" ^Jp{9,pg{s)) = s ^ 


and 


= [ 

Ju 


'{(p,e)eM:p"-i Jp(e,p)<s-i} JS"-1 Jo 

Therefore, since g*{t) = inf{s > 0 : Ag(s) < t}, 

f reign’d)) 

/§"-! Jo 

where pg{g*{t)) satisfies 


f fPa(s) 

dV= / p^-^Jp{9,p)dadp. 

n Jo 


(3.4) 


r fPe{g‘’(J)) 

i = \ / p^~^Jp{9,p)dadp, 

Jo 


(3.5) 


pe{9*{iJT-^Jp{e,P9{9*{t))) = 


1 


9* it)' 


For simplicity, we set P 9 {f) = pg{g*{t)) in the rest of proof. Then, 

rPeit) 


r rPe(^l 

t = W{t))= / p”-V^(d, 

JS”-! Jo 


p)dadp 


and P 9 {t) satisfies 

P9{tT~^Jp{9,P9{f)) = 
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Thus, since Jp{9, p), as a function of p on [0, +oo), is monotonically increasing and 
Jp{9,p) > Jp{6,0) = 1, we have 

r rPe{t) 

t= / p^~^Jp{9, p)dadp 

7s"-i Jo 

rpe(t) 


< 


r rpe{t) 

/ / p^~^Jp(9,pg{t))dadp 

Jo 


Jp{S.Pe{t)) 


rpe(t) 


p" ^dp 1 da 


Jp{9,P0{t))p^{t)da 


1 

<- 


j;/^-^\9,pg{t))p'^,{t)da 
[ [Jpi9,pgit))p--\t)]^^^^-'^da 

Jgn-l 


n Jgn-l 
1 
n 
1 




^n—1- 


□ 


The desired result follows. 

Define F**{t) = j j^F*{t)dt, where F* is defined in (13.21) . Before the proof of 
Theorem 1.1, we need the following lemma from Adams’ paper [1]. 

Lemma 3.3. Let a{s,t) be a non-negative measurable function on (—oo,+oo) x 
[0,+oo) such that (a.e.) 

a{s,t) < 1, when 0 < s <t, 

( pO poo \ 

/ a{s,t)" ds + / a(s,t)'^ ds) = b < oo, 

J — OO J t J 

where n' = Then there is a constant cq = co{n, b) such that if for (f > 0 with 

f^oo 4’{s)^ds < 1, then 


where 


nOO 

/ e~^^^^dt < Co, 

Jo 

F{t) = ( [ a{s,t)(j){s)ds 

\J — OO 


Proof of Theorem 1.1. The proof use ideas from [T] and the main tool is O’Neil’s 
lemma ([I^! Lemma 1.5). Let u G C^(Ll) be such that \S/u\'^dV < 1. Without 
loss of generality, we may assume rt > 0. By Lemma 3.1 and O’Neil’s lemma, for 
t > 0, 

u*{t) < (t\Vurit)g**{t) + [ \Vu\*{s)g*{s)dt 


(3.6) 

^n—1 \ 

where g = By Lemma 3.2, 

— (n —l)/n 


(3.7) g*{t)< 


nt 

^n—l 


9**^^ = \jo 


s < n 


nt 

^n—l 


— (n —1)/n 
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Combining (|3.6I1 and (j3.7ll yields 
(3.8) 

/ \ {n-l)/n 

U*{t) < ' 


ntu. 


l/(n-l) 
n—1 / 


" J \S/u\*{s)ds + |Vm|*(s)s . 


Following [I], we set 

(3.9) <()(s) = (|r!|e-'*)i/”|VMr(|n|e-"). 

Then 

POO /.|n| p 

/ <))(s)"ds= / (|VM|*)”ds= / \Vu\^dV<l. 

Jo Jo Jq, 

The auxiliary function a(s, t) is defined to be 

0, s < 0; 

(3.10) a(s,t) = { 1, s<t; 

' t — s 

ne~^, t < s < oo, 


where n' = n/{n — 1). It is easy to check 

^0 poo 


sup 

t>0 \J —oo J t 


+ / a(s, <)" ds 


1/n' 


By Lemma 3.3, 


nco POO / POO 

/ e~^^*^dt= / exp —t+i a{s,t)(j){s)di 

Jo Jo \J-oo 


dt < oo, 


where 


POO r\^\fi * /'|f2| , 

/ a(s,t)0(s)ds = e*/” / |Vu|*(s)ds+ / |Vu|*(s)s“^/” ds. 

J— OO Jo J\Q\e~^ 


On the other hand, by 


n|n| 


exp(/3o|ur/(”-i))dF= / exp(/3o|u*(t)r/(”"^))dt 

! Jo 


- l/(n-l) [nt " /o |VMr(s)ds+/“ |Vli|*(s)s 

< / 




»/("-!) 


ds 


Tni ri |V'u|*(s)ds+J'^°® |Vu|*(s)s n ds 


Using the change of variables t —>■ |U|e *, one can check that 




ds. 


1 

M 


exp(/ 3 o|u 


^ 1 " /o |V«r(s)cis + /“ |Vu|*(s)s n ds) 

’"-Mi. ' ^ * 

-f 

JO 


e ^'d)dt < oo. 


This concludes the proof of the first statement of the theorem. 

To prove the second statement we let fl = Si = {x S M : p{x) < 1}. Set, for 
each e s (0,1), 

(lne“^)“^ Inp, onSi\Se; 

1, on Bp, 


fe{x) = 
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where = {x G M : p{x) < e}. We compute 


W^feWl = 

and 


'b\b. 




lne“i Vlne“^ 


Jp{S,p) 

-1 p 


dpda 


\BA = 


[ dV = [ [ p^-^Jp{9,p)dpda. 

J Jo JS"-! 


By the asymptotic expansion of Jp{9,p) (see (j2.2p i. it is easy to check 

(3.11) 1™ II v7 r im'm ^-1 _ , 

Now assume that 

\fe 


lim ||V/e||” Ine lim 

e^o+" ’ e^o+ lne-1 


1 

W\ 


exp 


/3 


IIVAII, 


dV < Cl 


for some /3 > 0. Using the fact fe = 1 on B^, we have 


i.e. 


/3< (lnCi+ln|B|+ln|B,|-i)||V/,||;('. 
Passing the limit e —>• 0+ and using (13.111) yields 

p ^ l/(n-l) 


This concludes the proof of Theorem. 


4. Proof of Theorem 1.2 

The proof of Theorem 1.2 follows closely Lam and Lu’s proof (see m , section 
2 or [TT], section 5). Let u G C^{M) be such that + r|u|")dU < 1. 

Without loss of generality, we may assume u > 0. 

Set A{u) = 2~ "("-1) rF ||u||n and V,{u) = {x G M : u{x) > A(it)}, where ||u||n = 
^!m \u\^dy- Then 

(4.1) A{ur = 2-^r||u||:: <r\\u\\l = r [ lu^dV < 1; 

JM 


(4.2) 


|U(u)|=/ dV<-^[ \urdV 

Jq{u) A{u)^ 7q(„) 


<- 


' A{i 


^dV = 2 —r“ 


IM 
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We write 


fc =0 


k\ 


dV 


[ (exp(/3o|iir/("-'))-E 

JQ(u) \ 7 _n 


pk\^\kn/in-l)' 


f Q(u) y 

Im\Q(u) ^ 

= ■ h + h- 


k=0 
n-2 


k\ 


dV+ 




fc =0 


k\ 


By (14.IL M \ i}{u) = {x € M : 0 < u{x) < 41(m)} C {x G M : 0 < u(x) < 1}. 
Therefore, 


I 2 = 


iM\n(u) \ 






r ^ Qk 

JMXntu) , k\ 


(4.3) 


< 


< 


I {xGM-.0<u{x)<1} 


I {xGM-.0<u{x)<1} j .— 


ok 

Pq 
k\ 

00 /-) 

Y. 


<£1 
I 


\u\^dV 


fM 


\k—n—l 

Now we will show Ji is also bounded by a constant Cz{T,n,M). Set 
v{x) = u{x) — A(u), X € U{u). 

Then v G lTQ^’"(f2) and 

(4.4) |u|"' = (?; + x4(u))"' < \vf + n'2”'-i(|ur'-^x4(M) + A(m)”'), 
where we used the following elementary inequality 

(a + 6)« < a« + q2‘^-\a‘>-^b + 6«), g > 1, a, 6 > 0. 

By Young’s inequality, 

(4.5) 


|i;r'-iyi(u) = |u|"'-^yi(w) • 1 < ^ 


n 
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Combing (14.41) and (14.51) yields 




(4.6) 

where 

(4.7) 
Set 


= 1 + 


2" -^\A{u)\^ 
n — 1 


kl" +C4, 


C4 = 2”'-^ +n'2”'-M(u)"'. 

n-1 

2"'-l|A(M)|"^ 


w = 1 + 


n — 1 


V. 


Since v G WQ’"(r2), so does w. Moreover, by (14.6L 


(4.8) 

We compute 


ur <kr +C4. 


[ \Vw\^dV = ( 1 + 

J Q{u) y 


(4.9) 


= 1 + 


< 1 + 


< 1 + 


2'^'-^\A{uT 

n — 1 

n — 1 

2”'-i|A(u)|”' 

n — 1 

2^'-^\A{u)\^' 
n — 1 


n —1 


n —1 


’ Q{u) 


iv^rdF 


' Q{u) 


iWul'^dV 


\Vu\^dV 


IM 

l-T f \u\^dV 

Jm 


Therefore, 

(4.10) 

\Jn{u) 


\Vw\^dV] < 1 + 


2 " -i|^(u)r 

n — 1 


l-T lul'^dV 

K JM 


= (l + |^2-^r||«|H ("l-r / W^dV 


M 


= 1 + 


< 1 + 


n — 1 


n — 1 


'M 


dV\ 1 - 


'^dV 


IM 


\urdv 1 - 


'M 


n — 1 


iitrdy 


'M 


< 1 . 


To get the second inequality in (14.101) . we use the following elementary inequality 
(1 — ay < 1 — qa, 0<a<l, 0 <( 7 < 1 . 
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By Theorem 1.1, there exists a constant C 5 = C 5 {n,M) such that 
1 /■ 


(4.11) 


ex' 


Ja(u) 

We have, by (14.8p . (14.111) and (14.2L 


<C5. 


Jci(u) \ 


= 


|„/(n-l)) _ ^ - I dV 

in{u) \ 


k\ 


(4.12) 


< / exp(/3o|Mr'^*'” ^'’)dV = / exp(/3o|nrV^ 

J Q{u) J Q(u) 

[ exp{l3o\wf )dV 

J Q{u) 

<e^^C5\n{u)\ 

<e^^C52^T-i 


This concludes the proof of the first statement of the theorem. 

To prove the second statement we employ the following Moser function sequence: 

^ ( (lne“i)(”“i)/"-, on Bss; 

^ { (Ine"^)"^/" ln(d/p), on Bs \ B^s] 

I 0 , 


on M \ Bs, 


where d > 0 and e € (0,1). We compute 
r (lne-i)"-i 


I \gerdV=- , , 

M W„_l Jq Jsm-I 

s 


p" ^ Jp{9, p)dpda+ 


-T —— [ f ln”(Vp)p" ^Jpi9,p)dpda; 

Wn-lln£ ^ JS"-i 

f \Vge\"dV=^^^ f [ ^^^^dpda. 

J M Wn-i Ji^s JS"-1 


1-1 Je5 JS "-1 P 
By the the asymptotic expansion of Jp{9,p) (see (12.21) 1. we have 


\g,rdV =0(e"(lne-i)"-i) + O ; 

[ \Vg,rdV =l + 0 {e^). 

Jm 


Thus 


115 - 


ellWQ'’*(M) 


= 1 + 0 


1 


ln£“i 
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1 H-0((liie ^) /* / ^Jp{0,p)dpda 



+ 0((lii£-^)^-^) ujn-is^S^il + 0(e^)) ^ +cx) 


as £ —>• 0+. This shows 


- u - 

if /5 > Pq. The proof of Theorem 1.2 is thereby completed. 





k\ 


dV = +00 
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